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Abstract 

We analyzed statistical properties of earth-
quakes in western Anatolia as well as the
North Anatolian Fault Zone (NAFZ) in terms of
spatio-temporal variations of fractal dimen-
sions, p- and b-values. During statistically
homogeneous periods characterized by closer
fractal dimension values, we propose that
occurrence of relatively larger shocks (M >=
5.0) is unlikely. Decreases in seismic activity
in such intervals result in spatial b-value dis-
tributions that are primarily stable. Fractal
dimensions decrease with time in proportion
to increasing seismicity. Conversely, no spatio-
temporal patterns were observed for p-value
changes. In order to evaluate failure probabili-
ties and simulate earthquake occurrence in
the western NAFZ, we applied a modified ver-
sion of the renormalization group method.
Assuming an increase in small earthquakes is
indicative of larger shocks, we apply the men-
tioned model to micro-seismic (M<= 3.0)
activity, and test our results using San Andreas
Fault Zone (SAFZ) data. We propose that frac-
tal dimension is a direct indicator of material
heterogeneity and strength. Results from a
model suggest simulated and observed earth-
quake occurrences are coherent, and may be
used for seismic hazard estimation on creep-
ing strike-slip fault zones. 

Introduction

Fractals are self-similar and scale-invariant
objects. Fractal analysis provides a good proxy
for analysis of a system with uncharacteristic
size (or scale). This approach requires that the
number of objects exceeding a specified size
have a power-law dependence on the size.1 The
power of the mentioned relation, called fractal
dimension (Equation 1), is used to define
scale-invariant systems. Briefly, fractal dimen-

sion indicates the extent of data scattering.
Higher fractal dimension values show
increased randomness, while the zero values
imply a completely deterministic system.  

(1)

where Ni is the number of objects with length
(size) ri, C is the ratio constant and the expo-
nent D represents fractal dimension. Fractal
dimensions of any order can be found by using
Equations 2 and 3.2,3

(2)

(3)

In Equations 2 and 3, Cq(r) is referred to as
correlation function, H is the Heaviside Step
Function, and q is the order of statistical
moment. The source code used in this study is
modified from Sarraille and Difalco,3 and
implements the algorithm of Grassberger and
Procaccia,2 and Liebovitch and Toth.4 In 2D sys-
tems such as earthquake epicenter distribu-
tions, fractal dimensions range from 0.0 to 2.0.
Here, we use only the first three dimensions:
D0, capacity dimension; D1, information
dimension; and D2, correlation dimension.
Among the most studied scaling parameters,
Gutenberg and Richter5 ’s b-value is defined as
a semi-logarithmic relationship between
cumulative earthquake occurrence and magni-
tude (Equation 4). The b-value is commonly
accepted as 1.0 for global seismicity.6-8

However, on a regional scale, it may vary
between 0.5 and 1.59, or 0.8 and 1.27. The b-
value may be constrained by and directly pro-
portional to heterogeneity and crack distribu-
tion in the crust.10 According to Wyss11 and
Scholz,12 regional stress and b-value are
inversely proportional. 

(4)

Aki6 proved that the b-value is scale invari-
ant and its relationship to generalized fractal
dimension can be described as D=2b. Further
development of Aki6 ’s generalization reveals
dependence of this linear relationship on mag-
nitude: D=3b, D=2b, and D=b for small, inter-
mediate and large events, respectively.13

According to Sukmono et al.,14 fractal dimen-
sions follow a pattern closely related to fault
friction, which drops with large earthquakes.
Consistent results from micro-crack investiga-
tions15 indicate progressive stepwise decrease
in fractal dimensions, hence b-value, with
deformation propagation. Although fractal

dimensions have been shown to decrease prior
to big earthquakes, simultaneous increases in
b-value have been reported by Nakaya.16

According to Wang,17 b-value variations are
dependent on dynamic frictional forces and
plate velocities. Contrary to other authors,
Wang17 suggests weak correlation between
fractal dimension and b-value. Fractal dimen-
sion and b-value calculations obtained from
shallow and deep earthquakes reveal that
smaller differences between them are
observed in relatively aseismic regions.18

Here, we apply spatio-temporal fractal analysis
to epicenteral distribution of earthquakes in
western Anatolia (38.4°-41.6°N, 25.2°-32.1°E),
identifying a coherent pattern. Furthermore,
we modify and employ the model of Smalley et
al.,19 simulating micro-earthquake occurrence
along western NAFZ and SAFZ. 

Materials and Methods 

This study used data from Bogazici
University, Kandilli Observatory and
Earthquake Research Institute (KOERI) col-
lected from 1975 to March 2007, with a thresh-
old magnitude of Mc=2.3. Temporal window
lengths range from 10 to 300 days, with a visu-
ally determined ideal length of 150 days and
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window shifts of 0.5 days. Calculations were
repeated using an earthquake occurrence of
450, based on average number of events in
ideal time windows. A grid scale of 0.3 by 0.3
degrees with shift of 0.1 degrees was used for
spatial analysis. We used the least squares
method to determine both b- and p-values. The
catalog completeness magnitude for NAFZ is
visually determined as M=4.0, using the mag-
nitude-cumulative earthquake occurrence plot.
All fractal dimensions are determined with the
box counting algorithm. In order to avoid
human error arising from digitization, com-
plex geometry, or lack of other fault informa-
tion, we preferred to use better-constrained
earthquake loci for capacity dimension calcu-
lations, which is often related to fault distribu-
tion. In our simulated approach based on
Smalley et al.,19 we aimed to forecast micro-
earthquake (M<=3.0) frequency for a given
duration. Reference (F0) and transferred
stresses (F) are accounted for in the original
model (Equation 5). This form of the equation
is equivalent to Weibull distribution, widely
used in fracture mechanics.8 F/F0=Fc= 0.4807
for threshold stress ratio gives the probability

Article

Figure 1. Temporal changes of a) b-value, b) fractal dimensions, and c) p-value for western Anatolia. Columns delineate I) 0-4000, II)
4000-8000, III) 8000-12000 days. Focal mechanisms indicate general faulting types in regions with dense earthquake clustering of large
shock occurrence. Solid black and gray dots denote earthquakes larger than M >= 5.0 and 5.0>M>=4.0, respectively. Data used is from
KOERI with window length of 150 days.

Figure 2. b-value changes (left vertical axis, blue line) superimposed on earthquake fre-
quencies (right vertical axis, gray line) trough time. Red solid highlights proposed b-value
pattern.
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value of fracture pc=0.2063. Stresses applied
to fault segments exceeding threshold proba-
bility result in fault failure, and consequently
stress release, reducing the likelihood of fur-
ther failure. During failure, stress release is
simulated as stress transferred to adjacent
segments.8

(5)

Our five-step modified version of the model
of Smalley et al.19 begins with subdivision of
fault zone into dx=0.08 degrees one dimen-
sional segments, incorporating both USGS and
KOERI data. Segment length was determined
by creating inter-event distance histogram for
successive shocks. The upper magnitude limit
for micro-earthquakes was chosen as 3.0.
Following subdivision, segments are assigned
strength values (s) according to Equation 6,
where Duniform=2.0 and D0 is capacity dimen-
sion.   

(6)

Threshold probabilities (pc) for each seg-
ment are calculated using Equation 7, where Fc

denotes threshold stress ratio of 0.4807.8

(7)

A reference stress accumulated over 150
years is assumed. In this case, for each time
interval (dT=0.5 days) dF=F.dT. After strength
values are set, the first catalog earthquake is
assigned to the corresponding segment. The
stress in failed segment is distributed along
adjacent segments until failure probability is
lowered below the default threshold value. At
each time step, we apply tectonic stresses and
repeat calculations until the end of duration.
Finally, we renormalize simulated number of
earthquakes according to their correlation
with observations. Our model is based on the
assumptions of one earthquake occurrence per
each time interval, and material homogeneity
of fault segments. 

Results 

Closer fractal dimensions are referred to as
statistically homogeneous (monofractals),
while increasing dimension differences define
statistical heterogeneity. Analysis of both
event and time window temporal fractal
dimensions demonstrate that statistically
homogeneous periods are characterized by a
lack of large earthquakes (M>=5.0). Following
such periods, as the fractal dimension differ-

ences increase, larger events occur more fre-
quently. Repeated calculations focused only on
western NAFZ using different window length
are consistent. However, comparison between
this observed pattern and faulting types
revealed no apparent relation (Figure 1).
Although, no b- and p-value anomalies are
observed, b-values show a broader scale trend
(Figure 2).  Regions of spatially concentrated
seismic activity are positively correlated with
fractal dimensions (Figure 3). This correlation
is quantitatively expressed as ln[ln(N)]=αexp
(Dq) (± 0.11), where N is the number of earth-
quakes, Dq is fractal dimension of any order,

and α being the ratio constant. For western
Anatolia, the constant α is 0.59, 0.67, and 0.68
for the statistical moment order q=0, 1, 2,
respectively (Figures 4, 5). Moreover, larger
earthquakes tend to be associated with regions
having the globally accepted b-value of 1.01 (±
0.01), and are less common in areas with b-val-
ues outside this range. 

The relation between fractal distribution
and seismicity is further supported by our
modeling results. After renormalization,
observed and simulated seismicity are coher-
ent for microearthquakes, as quantitively
expressed by the following equations

Article

Figure 3. Spatial variation of capacity dimension for western Anatolia. Fault data was
obtained from Şaroğlu et al.,20 Barka21 and Le Pichon et al.22 Map is prepared using
Wessel and Smith.23

Figure 4. The relationship between num-
ber of dimensions and fractal dimensions
in space.

Figure 5. The relationship between order
of statistical moment (q) and ratio coeffi-
cient (alfa).

Figure 6. The relationship between mod-
eled and observed number of earthquakes
for a) western NAFZ and b) SAFZ.

Non
-co

mmerc
ial

 us
e o

nly



[page 4] [Research in Geophysics 2012; 2:e1]

ln(Nobs)=7.254ln(Nmodel)-30.2 (R2=0.896) for
western NAFZ and ln(Nobs)=12.474ln (Nmodel)-
52.4 (R2=0.883) for SAFZ (Figures 6, 7 and 8).
Considering an input of just one actual event,
the consistency between model results and
observation is remarkable. 

Discussion 

Globally, b=1.0 is commonly accepted as the
normal value.6-8 For western Anatolia, we

obtain b=1.01 (± 0.01) consistent with prior
works. The significance level between our b-
value calculations is 0.065, as implied by the
Utsu test.24 Variations from the normal value
in temporal scale may be caused by an
increase in either material heterogeneity10 or
stress level.11,12 Over geological time scales,
such rapid alteration of heterogeneity is
unlikely. Therefore, observed b-value varia-
tions are more probably a result of stress accu-
mulation. Conversely, as earthquakes have no
implications for broad stress change, we pre-
sume spatial variations to be attributed to pri-

marily heterogeneity.  The pattern observed in
b-value changes over time (Figure 2) and fol-
lows three stages: i) oscillations from ~0.2 to
0.8; ii) exponential increase up to ~2.0, raising
seismic hazard; followed by iii) stepwise
decrease. Assuming cyclical behavior in b-
value variations, oscillations around mean
value of 0.5 imply that western Marmara
region is experiencing the initial stage. The
observed temporal fractal pattern (Figure 1)
suggests that the region is continually critical-
ly stressed, in accordance with the findings of
Scholz25 and Rundle et al.,26 and is reminiscent

Article

Figure 7. Modeled (solid black circles) and observed (triangles) earthquakes plotted against longitude. Seismicity in the study region is
depicted (top). Western NAFZ is delineated by the polygon shown in the map (solid dark gray lines). Dashed lines outline the bound-
aries of proposed asperity.
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of the stress transfer model of Smalley et al.19

However, consideration of the temporal extent
of heterogeneous behavior reduces relevance
of fractal pattern. Fractal dimension decreases
reported by Sukmono et al.14 and Lu et al.15 are
further under-gridded by our findings (Figure
9). Spatial b-value distribution results are
completely coherent with those previously
established.11,12 Transitions between normal to
higher stress states are characterized by larg-
er earthquakes. After large shocks, stress and
consequently b-values drop and fractal dimen-
sions increase. High seismic hazard areas are
well constrained by fractal dimensions, as fur-
ther confirmed by elevated fractal dimensions
during statistically homogeneous time periods.

Consistency between observations and model-
ing results strengthen their relevance to seis-
mic hazard assessment. Anomalously high val-
ues of observed and modeled earthquake
occurrence rate between 30.85º-31.50ºE longi-
tudes may reflect an asperity zone, as suggest-
ed before in various works.27-30 Lower predicted
values for seismicity may be due to incomplete
elimination of aftershocks (Figure 7). Over
and under estimation of observed earthquakes
on the SAFZ occur east at approximately
120.5°W where strike changes abruptly, and
approximately 122.5°W as a result of bifurca-
tion (Figure 8). Inaccurate estimates may also
arise from strength values held constant in the
model, inducing a repeated characteristic pat-
tern. Future studies could incorporate spatial
fractal distribution to compensate for these
artifacts. Assuming micro-earthquakes are
symptomatic of larger earthquakes on stick-
slip fault zones, our model may provide valu-
able estimates of seismic hazard. We presume
fractal spatio-temporal distribution of seismic-
ity. Because fractals and chaos theory contain
the concept of scale-invariant behavior, broad
scale changes may be evidenced within small-
er scales, which simultaneously define the
larger picture. Any examination of such a
chicken-egg phenomenon requires both con-
junctive and separative analysis. Further
research could incorporate different tectonic
settings and better constraining scale-system
interactions, thus contributing to a more com-
plete comprehension of seismic hazard.
Moreover, 2D spatial distribution of fractal
dimensions (Figure 3) may lead to more robust
results. However, extensive tests are required
to prove this hypothesis. Therefore, we prefer
to limit our research to 1D spatio-temporal dis-
tribution.  

Conclusions 

Here, we argue that use of the renormaliza-
tion group method in conjunction with fractal
analysis of micro-seismicity may provide valu-
able insights into estimation of seismic hazard
estimation. According to our results, the pro-
posed model can be used to predict micro-
earthquake occurrence for strike-slip faults
with stick-slip behavior, assuming an increase
in the frequency of micro-earthquakes is an
indication of larger shock. We further propose
that seismically active regions show a tempo-
ral b-value pattern: i) oscillating b-values; ii)
exponential increase associated with
increased seismic hazard (associated by
decrease in fractal dimensions); and iii) step-
wise decrease. 

Article

Figure 8. A map of SAFZ with modeled (circles) and observed (squares) earthquake fre-
quencies against corresponding longitudes. White circles in the map show the earth-
quakes used in the calculations. The solid white polygon is the area we defined to extract
seismicity.

Figure 9. A sketch of proposed temporal
fractal pattern. The shaded box indicates
higher seismic hazard period.
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